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Abstract
The phenomenological theory of phase transitions in multiferroic MnWO4 is suggested. The
theoretical model uses the assumption that the magnetic order is driven by the instability in the
(1/4; 1/2; 1/2) point of the Brillouin zone, which is justified by the symmetry of the
low-temperature magnetic phase. It is shown that the experimentally observed incommensurate
magnetic order is due to the Lifshitz invariants allowed for the corresponding order parameters.
Invariants responsible for the magnetoelectric interaction are found and a schematic phase
diagram is calculated. The influence of the magnetic field on the phase transition sequence is
also analyzed. It is suggested that the description of the phase transitions in MnWO4 starting
from the orthorhombic praphase significantly simplifies the approach and allows us to draw
important conclusions.

1. Introduction

Magnetoelectrics are materials in which magnetic and
ferroelectric orders occur simultaneously. The revival of
interest in these materials is due to the discovery of the giant
magnetoelectric effect (see, for example, a recent review [1]).
Strong coupling between the magnetic and ferroelectric
subsystems [2] allows for interesting applications [1, 3] such
as, for example, high precision magnetic field measuring
devices and a new generation of data storage devices [4, 5].
The objects attracting the strongest interest of researchers
include, for example, BiFeO3 and the two huge classes RMnO3

and RMn2O5 (where R is a rare-earth element).
The common feature of magnetoelectric materials is the

existence of incommensurate magnetic ordering [6, 7]. Many
multiferroics show complex phase diagrams with a variety of
different incommensurately ordered phases [8]. Some of these
incommensurate phases experience a ferroelectric order as well
and in some multiferroics (such as, for example, RMn2O5)
ferroelectricity exists in the commensurately ordered state [9].

Wolframite MnWO4 is one of the Mn-containing
multiferroics. It contains only one magnetic ion type, Mn2+,

which possibly simplifies its experimental as well as theoretical
study. MnWO4 experiences two different incommensurately
ordered structures and a low-temperature commensurately
ordered magnetic phase [10]. The ferroelectricity in it has been
found in one of the incommensurate phases [11, 12], although
there are indications that polarization also exists in the low-
temperature commensurate phase [13].

MnWO4 possesses a monoclinic structure at room
temperature described by the space group P2/c (C4

2h) with
β ∼ 91◦ and contains two Mn2+ ions in the unit cell. On
lowering the temperature MnWO4 undergoes a sequence of
magnetic phase transitions at 13.5 K (TN ), 12.7 K (T2) and
7.6 K (T1), leading to the appearance of magnetically ordered
states AF3, AF2 and AF1 [11], respectively. According to
the neutron diffraction experiments [10, 14] the structure of
the low-temperature commensurate magnetic phase AF1 is
described by the wavevector (±1/4; 1/2; 1/2), whereas the
incommensurate phases AF2 and AF3 are characterized by the
wavevector (−0.214; 1/2; 0.457). In the phases AF1 and AF3
the collinearly aligned magnetic moments are confined to the
ac plane forming an angle of about 35◦ with the a axis (this
direction is hereafter referred to as the easy axis), whereas in
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the AF2 phase there appears an additional component along
the b axis.

The ferroelectric order along the b axis in MnWO4 appears
at the second phase transition at T2 from the paraelectric AF3
phase to the ferroelectric AF2 one [11, 12]. The polarization
Pb continuously changes through T2, whereas it drops abruptly
to zero at T1. The dielectric constant εb shows a sharp peak
at T2 and a steplike change of about 0.08% at T1 when the
ferroelectric order disappears [11, 12].

Heyer et al [13] reported that the polarization along the
a axis appears at either TN or T2 (they were unable to resolve
between these two phase transitions). According to their data
Pa persists in the commensurate AF1 phase in contrast to Pb.
The largest measured values of Pa are about six times smaller
than those of Pb.

An applied external magnetic field influences the stability
ranges of the magnetically ordered phases in MnWO4.
Magnetic fields applied along the a or c axes stabilize the AF2
phase, reducing T1 to the lowest measured temperatures for
fields above 2–4 T [12, 15]. Influence on T2 and TN for these
field directions is minor except that TN reduces to T2 for fields
above 8 T (i.e. the AF3 phase disappears) for magnetic fields
along a. The magnetic field along the b axis stabilizes the
AF1 and AF3 phases leading to the collapse of T1 and T2 at
about 10 T [11, 12] while stronger fields induce a magnetically
ordered phase with polarization along the a axis [11].

Different behavior is observed when the magnetic field
is applied along the easy axis. For field strengths between
about 2 and 12 T the AF2 phase is stable up to the lowest
measured temperatures. For fields above 12 T another low-
temperature magnetically ordered phase HF appears [15, 16].
Neutron diffraction measurements [17] revealed that this high
field phase HF has the same relative spin arrangement as AF1,
except that the magnetic moments are switched perpendicular
to the applied field within the ac plane.

In this work we consider the phase transitions in MnWO4

using the phenomenological theory of phase transitions. The
thermodynamic potential is constructed in terms of the relevant
magnetic and ferroelectric order parameters. In our model we
consider magnetic ordering with the commensurate wavevector
�k = (1/4; 1/2; 1/2). The appearance of incommensurate
magnetic structures as well as magnetoelectricity is accounted
for by taking into consideration Lifshitz invariants and
magnetoelectric interactions allowed by the symmetry of the
nonmagnetic phase. A schematic phase diagram is found.

2. Magnetic ordering and symmetry

There are attempts in the literature to theoretically describe
the magnetoelectric behavior observed in experiments.
Usually these models proceed from the assumption that
the ferroelectricity is induced by incommensurate magnetic
order. Whereas ferroelectric order is often observed in
incommensurately ordered phases there are magnetoelectrics
showing polarization in commensurate magnetic structures.
The examples are TbMn2O5 [9, 18], TbMnO3 under an applied
magnetic field [19, 20] and possibly MnWO4 [13].

Table 1. Irreducible representations of the C4
2h space group in the

(1/4; 1/2; 1/2) point of the Brillouin zone.

IR C2 I σh a1 a2, a3

G1

( 0 −1
−1 0

) ( 1 0
0 −1

) ( 0 1
−1 0

) ( 0 −1
1 0

) (−1 0
0 −1

)

G2

(
0 −1

−1 0

) (−1 0
0 1

) (
0 −1
1 0

) (
0 −1
1 0

) (−1 0
0 −1

)

The theoretical models accounting for magnetoelectricity
include a continuous formulation and representation analysis
(see, for example, [7, 21]). In the model of Mostovoy [7] an
inhomogeneous magnetization M, which is assumed to appear
at a Lifshitz point, induces polarization P via coupling of the
form P(M(∇ · M) − (M · ∇)M). This model, which has been
employed to describe the magnetoelectricity in TbMnO3 [7],
is not sensitive to details of the crystal structure. Moreover,
the magnetic order parameters essentially belong to the center
of the Brillouin zone �k = 0, whereas the magnetic order is
modulated with �k ≈ (0; 0.28; 0). From our point of view
such a rapid spatial change of the order parameter renders the
approximation invalid.

Harris [21] has applied representation analysis to the
description of magnetoelectricity in MnWO4. The model takes
into account magnetic ordering with the wavevector �q of the
incommensurate phase. The magnetoelectric interaction is
found to be due to the coupling of the form σ1(�q)σ ∗

2 (�q)Pb,
where the order parameters σ1(�q) and σ2(�q) transform
according to two different irreducible representations (IR).
Therefore, simultaneous condensation of these two IRs gives
rise to polarization along the b axis Pb.

In contrast to Harris [21] and Mostovoy [7] we assume
that the magnetic order is driven by the instability in
the (1/4; 1/2; 1/2) point of the Brillouin zone. This is
justified by the fact that (i) the low-temperature commensurate
magnetically ordered phase is described by this wavevector
and (ii) the incommensurately ordered phases AF2 and AF3
possess the wavevector close to �k = (1/4; 1/2; 1/2). We give
symmetrical arguments both for the appearance and direction
of the long-wavelength modulation and induced polarization.
Thus, as will be shown below, the phases AF2 and AF3,
which possess the wavevector (−0.214; 1/2; 0.457), are long-
wavelength modulations of a magnetic structure with �k =
(1/4; 1/2; 1/2) appearing at distances of several tens of unit
cells. In contrast to Harris [21] our approach does not
require the introduction of the temperature dependence of the
modulation vector or additional order parameters belonging to
�k = (1/4; 1/2; 1/2) in order to describe the phase transition
to the low-temperature commensurate phase. Moreover, by
introducing the orthorhombic praphase as shown in section 4
the whole sequence of phase transitions in MnWO4 can be
described using only a single magnetic order parameter.

Therefore we proceed with finding the magnetic
representation for the Mn2+ ions connected to the star of the
vector �k, which is composed of two arms �k1 = �k and �k2 =
−�k. In this point of the Brillouin zone the space group C4

2h
possesses two irreducible representations which are given in
table 1.

2



J. Phys.: Condens. Matter 22 (2010) 226002 V P Sakhnenko and N V Ter-Oganessian

Figure 1. Schematic representation of the spin structure for the x and
z components induced by the IRs G1 and G2. Each box corresponds
to one unit cell of the lattice. For the y components of the spins the
IRs should be interchanged.

The magnetic moments of the two Mn2+ ions in MnWO4

can be expressed in the form

�M1 =

⎛
⎜⎜⎝

M
�k1
1x

M
�k1
1y

M
�k1
1z

⎞
⎟⎟⎠ ei�k1�t +

⎛
⎜⎜⎝

M
�k2
1x

M
�k2
1y

M
�k2
1z

⎞
⎟⎟⎠ ei�k2�t ,

�M2 =

⎛
⎜⎜⎝

M
�k1
2x

M
�k1
2y

M
�k1
2z

⎞
⎟⎟⎠ ei�k1�t +

⎛
⎜⎜⎝

M
�k2
2x

M
�k2
2y

M
�k2
2z

⎞
⎟⎟⎠ ei�k2�t .

The four quantities M
�k j

iα for every direction α form a
four-dimensional reducible representation, which can be
decomposed into G1 + G2. The spin structures for the x and z
components induced by the IRs G1 and G2 are schematically
shown in figure 1 [10]. For the y components of the spins
the IRs should be interchanged. In the following we define the
orthogonal x , y and z axes parallel to the a axis, parallel to
the b axis and perpendicular to both the a and b axes of the
monoclinic cell, respectively.

The first phase transition at TN from the paramagnetic
phase to AF3 is of second order and is connected with the
condensation of IR G1 as follows from neutron diffraction
experiments [10]. It leads to the appearance of the ordered x
and z components of the spins. The subsequent phase transition
at T2 to AF2 is a second-order phase transition as well. It is
connected with the instability with respect to the IR G2 and
consists in the ordering of the y component of the spins with
the same pattern as for the x and z components [10].

In the low-temperature commensurate phase AF1 only
the x and z components of the spins are ordered, which is
described by the single IR G1.

In order to describe the phase transition sequence
we construct the thermodynamic potential in terms of the
invariants of the space group C4

2h. Let us denote the x
and z components of the order parameters as (ηx , ξx) and
(ηz, ξz), respectively, which transform according to the IR G1.
The y components of the order parameter (ηy, ξy) transform
according to the IR G2. It should be noted that the order
parameters (ηα, ξα) (α = x, y, z) are odd under time reversal
since they describe magnetic order.

The symmetry allows Lifshitz invariants:

ηα

∂ξα

∂x
− ξα

∂ηα

∂x
, ηα

∂ξα

∂z
− ξα

∂ηα

∂z
, (1)

where α = x, y, z. These invariants are responsible for the
long-wavelength modulation of the phases AF3 and AF2 in
the (x, z) plane as found in experiments.

The magnetoelectric interaction is expressed in the
existence of the invariants

(ηxηy + ξxξy)Py, (ηzηy + ξzξy)Py, (2a)

(ηxξy − ξxηy)Px Py, (ηzξy − ξzηy)Px Py, (2b)

(ηxξy − ξxηy)Pz Py, (ηzξy − ξzηy)Pz Py, (2c)

ηαξα(η2
α − ξ 2

α)Px , ηαξα(η2
α − ξ 2

α)Pz, (2d)

where α = x, y, z and Px , Py and Pz are the respective
components of polarization. It should be noted that the
existence of long-wavelength modulation of the magnetic order
is not necessarily for the appearance of ferroelectric order.

The existence of Lifshitz invariants unambiguously shows
that the corresponding order parameter induces improper
ferroelectric phase states. Indeed, those symmetry operations,
which correspond to the homomorphism kernel of the
irreducible representation, i.e. the operations possessing unit
matrices of the IR, do not change the components of the order
parameter. Owing to the existence of the Lifshitz invariant
they also should not change the polarization vector component
lying along the modulation direction determined by the Lifshitz
instability. Therefore, the lowest symmetry phase induced by
the order parameter, which allows Lifshitz invariants, should
be polar. Hence, in the general case, some of the higher
symmetry phases induced by this order parameter are improper
ferroelectric as well.

In the case of MnWO4 the Lifshitz invariants (1) imply the
existence of the invariants (2d). The point group symmetries
of the low symmetry phases induced by both of the IRs G1 and
G2 are Cs for the phase state (a, b) and C2h for the phase states
(a, a) and (a, 0). Thus, the phase state (a, b) for both G1 and
G2 is polar with the polarization lying in the xz plane.

The existence of invariants (2a) is possible due to the fact
that the expressions ηxηy + ξxξy and ηzηy + ξzξy possess
the same transformational properties (including translational
invariance since their total wavevector �k = �k1 + �k2 is zero)
as Py . As follows from the invariants (2a) the polarization
along the y axis may appear only when the y component
of magnetic order is nonzero together with either the x or z
component. This is the case of the AF2 phase as is found in
experiments. Neither the AF1 phase nor the AF3 one possesses
the ferroelectric order along the b axis since the corresponding
invariants are zeros. However, provided that ηαξα(η2

α − ξ 2
α) �=

0, the polarization along the a and c axes may exist in all of
the magnetically ordered phases, as can be inferred from the
last two invariants (2d). The polarization along the a axis has
been found in experiments [13] although this effect should be
smaller due to the fact that the corresponding invariants are of
the fourth order with respect to the magnetic order parameter.
The highest measured values of Pa are indeed about six times
smaller than those of Pb [13].
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3. Thermodynamic potential

We now construct the thermodynamic potential in terms of the
order parameters (ηx , ξx), (ηy, ξy) and P = Py . In order to
qualitatively describe the phase transition sequence we do not
consider the z component of the magnetic order parameters as
well as we consider the dependence of the order parameters
only on x for simplicity. The expansion of the thermodynamic
potential up to the fourth order in (ηα, ξα) and up to the second
order in P takes the form

	 =
∫ [

Ax

2
(η2

x + ξ 2
x ) + B1x

4
(η4

x + ξ 4
x ) + B2x

4
(η2

x + ξ 2
x )2

+ σx

(
ηx

∂ξx

∂x
− ξx

∂ηx

∂x

)
+ δx

((
∂ηx

∂x

)2

+
(

∂ξx

∂x

)2)

+ Ay

2
(η2

y + ξ 2
y ) + B1y

4
(η4

y + ξ 4
y ) + B2y

4
(η2

y + ξ 2
y )2

+ σy

(
ηy

∂ξy

∂x
− ξy

∂ηy

∂x

)
+ δy

((
∂ηy

∂x

)2

+
(

∂ξy

∂x

)2)

+ κ P(ηxηy + ξxξy) + a

2
P2 + δp

(
∂ P

∂x

)2]
dx, (3)

where Aα , B1α, B2α, σα , δα, κ , a and δp are phenomenological
constants (α = x, y). The temperature dependence of Aα

can be assumed to be Aα = Aα0(T − Tα0), where Tα0

is the temperature at which Aα changes sign and Aα0 is a
constant, which can be dependent on pressure. We assume
that the polarization P consists of the homogeneous p0 and
inhomogeneous p(x) parts (P = p0 + p(x)).

Variation of the functional (3) with respect to the order
parameters gives a system of ordinary differential equations.
The linear part of these equations has the solution in the form

ηx = 2kσx(Ay + 2k2δy)gx − 2kp0κσy gy

(Ax + 2k2δx)(Ay + 2k2δy) − κ2 p2
0

sin kx

ξx = gx cos kx

ηy = 2kσy(Ax + 2k2δx)gy − 2kp0κσx gx

(Ax + 2k2δx)(Ay + 2k2δy) − κ2 p2
0

sin kx

ξy = gy cos kx p = gp cos 2kx,

(4)

where gx , gy and gp are amplitudes and k is the long-
wavelength modulation vector. The solutions for the order
parameters (ηx, ξx ) and (ηy, ξy) are chosen in such a way that
the relative phase shift between them is zero, which maximizes
the magnetoelectric interaction (2a). For simplicity in the
potential (3) we do not consider the interaction between the
order parameters (ηx , ξx) and (ηy, ξy), which may lead to
nonzero phase shift between them. The nonzero phase shift
leads to the appearance of ferroelectric polarization along the x
and z axes, as can be inferred from the invariants (2b) and (2c).
This effect should be smaller, though, due to the fact that
the corresponding invariants are of higher order with respect
to the magnetic order parameters than the magnetoelectric
interaction (2a). Equations (4) give the structure of the low
symmetry modulated phases only in the vicinity of the high
symmetry phase where the linear approximation is valid.

It should be noted that the modulation vector of the
modulated part of the polarization is doubled with respect to
the one of the magnetic order parameters. Such a choice
provides the highest possible magnetoelectric interaction (2a).

It can be shown that p0 ∼ gx gy and that the possible
phases are

(I) gx �= 0; gy, gp, p0 = 0
(II) gy �= 0; gx, gp, p0 = 0

(III) gx, gy, gp, p0 �= 0.

The appearance of nonzero homogeneous polarization p0

may be explained in the following way. As can be seen
from the form of the solutions (4) substituting them into the
expression ηxηy + ξxξy in the magnetoelectric interaction (2a)
leads to an expression with homogeneous (∼gx gy) and
inhomogeneous (∼gx gy sin2 kx) parts. Therefore, the former
favors the appearance of nonzero homogeneous polarization
p0, which reduces the thermodynamic potential (3), whereas
the latter induces spatially modulated polarization with the
modulation vector 2k. It has to be noted that Py can only be
induced by simultaneous condensation of both IRs G1 and G2,
whereas when only a single IR is condensed, either G1 or G2,
Px and Pz may appear.

Phase I is characterized by nonzero and spatially
modulated values of (ηx , ξx), which corresponds to the phase
AF3 in MnWO4. In phase II the y component (ηy, ξy) of the
magnetic order parameter is nonzero and spatially modulated.
Finally, in phase III spatially modulated (ηx , ξx) and (ηy, ξy)

simultaneously appear as well as improper ferroelectricity.
This phase corresponds to the polar AF2 phase. Note that
the homogeneous polarization p0 appears together with the
modulated part gp at the same phase transition.

The second-order phase transition to phase I occurs at
Ax = σ 2

x /(2δx), whereas the phase transition to phase II takes
place at Ay = σ 2

y /(2δy).
A schematic phase diagram is shown in figure 2.

According to the basic principles of the phenomenological
theory of phase transitions in the vicinity of a phase transition
the coefficients at the thermodynamic potential terms with
degrees higher than 2 are assumed to be weakly dependent
on external thermodynamic parameters (e.g. temperature and
pressure), whereas those at the quadratic terms are functions
of the external thermodynamic parameters vanishing at the
transition point. The temperature and pressure dependence of
Ax and Ay can be assumed in the form (we retain only the
linear terms in the expansion with respect to (T − Tcα)/Tcα

and (P − Pcα)/Pcα)

Ax = AxT
T − Tcx

Tcx
+ Ax P

P − Pcx

Pcx
,

Ay = AyT
T − Tcy

Tcy
+ Ay P

P − Pcy

Pcy
,

where AαT and AαP are coefficients of the expansion, and
Tcα and Pcα are the temperature and pressure at which the
respective coefficient Aα vanishes. Considering this expansion
as a linear transformation one may redraw the phase diagram
of figure 2 in the T –P coordinates. Alternatively, on the
assumption of P = const (the condition usually met in
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Figure 2. Schematic phase diagram. Solid line is the first-order
phase transition line and the dashed lines are the second-order ones.
Numbers give the corresponding phases. Phase 0 corresponds to the
high symmetry phase. A possible temperature axis T is shown.

experiments) one may put the T axis on to the diagram of
figure 2 as shown in the picture.

Assuming (Tcα − T )/Tcα and (Pcα − P)/Pcα small the
phase diagram of figure 2 should have the same topological
structure as that in T –P coordinates. However, due to a large
number of phenomenological coefficients it is impossible to
set scales of Ax and Ay . Besides, since the phase transitions
in MnWO4 occur at sufficiently low temperatures (Tc ∼ 10 K)
the region of validity of the linear expansion with respect to
(Tcα − T )/Tcα is very narrow and nonlinear terms quickly
come into play upon moving away from the PM–AF3 phase
transition. Therefore, any quantitative description is hardly
feasible.

A possible thermodynamic path T which can be relevant
to MnWO4 is shown in figure 2. Thus, the phase transition
sequence observed in MnWO4 can be described by the
suggested model. As can be inferred from the diagram,
the phase transition sequence 0–I–III of two second-order
phase transitions corresponds to the PM–AF3–AF2 sequence
of MnWO4. At the second-order phase transition I–III
ferroelectricity is induced in an improper way by the magnetic
order. The induced polarization possesses a homogeneous as
well as a long-wavelength modulated part.

It has to be noted that the linear approximation (4) used for
minimizing the functional (3) is valid only in the vicinity of the
lines Ax = σ 2

x /(2δx) and Ay = σ 2
y /(2δy). Therefore, within

this approximation it is not possible to describe the first-order
phase transition from phase III to the commensurate phase
(ηx , ξx) �= 0. Moreover, the behavior of the phase transition
lines far from Ax = σ 2

x /(2δx) and Ay = σ 2
y /(2δy) may be an

artifact of the approximation used.
At the second-order phase transition from phase I to

phase III the dielectric susceptibility diverges. In phase I the
dielectric susceptibility diverges as

ε ∼ 1

T − T2
,

whereas in phase III it is as

ε ∼ 1

2(T2 − T )
,

where T2 is the temperature of the phase transition from phase
I to phase III. Far from the phase transition the susceptibility
has the value 1/a in both phases. It has to be noted that the
phase transition from phase I to phase III is, in fact, a quasi-
proper phase transition. Indeed, it follows from the form of the
invariants (2a) that the order parameters ηy , ξy and Py have the
same symmetry in phase I.

The specific heat jump at the phase transition from the
nonmagnetic phase to phase I has the form

�cp = TN σ 4
x

2(3B1x + 4B2x)(TN − Tα0)2δ2
x
,

where we assumed that Ax0(TN − Tα0) = σ 2
x /(2δx).

4. Discussion

In this section we discuss the influence of external magnetic
fields on the phase transitions. For this purpose it is
possible to consider the magnetic phase transitions in MnWO4

starting from the orthorhombic structure of the crystal instead
of the monoclinic one. It can be shown [22] that the
monoclinic structure P2/c of MnWO4 may be considered
as a slightly distorted orthorhombic one described by the
space group Pmcm (D5

2h). By a small displacement of the
oxygen ions to the nearest sites of higher symmetry one can
obtain a crystal structure of orthorhombic symmetry. The
atoms in the orthorhombic unit cell obtain the positions Mn–
2f(1/2, y1, 1/4), W–2e(0, y2, 1/4), OI–4g(x1, 0, 0) and OII–
4h(x2, 1/2, 0).

The orthorhombic structure thus found can be thought of
as a praphase for the monoclinic structure of MnWO4. One
can expect that, upon increasing the temperature above room
temperature, the monoclinic structure may transform to an
orthorhombic one. This is justified by the closeness of the
two structures but, in general, decomposition or melting of the
sample may happen before such a phase transition takes place.

The orthorhombic structure transforms into the mono-
clinic one via a ferrodistortive phase transition at which the
Uxz component of the deformation tensor appears, which is
described by the irreducible representation GM2+ of the parent
orthorhombic space group.

The main advantage of this approach is that the
(1/4; 1/2; 1/2) modulation direction persists in the or-
thorhombic structure and that the magnetic representation of
the Mn2+ ions in this point of the Brillouin zone contains three
times the four-dimensional irreducible representation P1 of the

Pmcm space group, i.e. the four quantities M
�k j

iα for every di-
rection α transform according to P1. Thus, the two order pa-
rameters (ηx , ξx) and (ηy, ξy) merge into one four-dimensional
order parameter, which we denote (ηx , ξx , ηy, ξy).

Thorough analysis assuming the orthorhombic praphase
will be presented elsewhere can be found in reference [22],
whereas here we briefly discuss the results. Such an
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approach results in a significant reduction of the number of
phenomenological coefficients or in the closeness of some of
them and in the appearance of new important invariants. Apart
from the usual isotropic invariant η2

x+ξ 2
x +η2

y+ξ 2
y there appears

another invariant

Uxz(η
2
x + ξ 2

x − η2
y − ξ 2

y ). (5)

Thus, the sign of Uxz determines which part of the order
parameter, (ηx , ξx) or (ηy, ξy), condenses first upon lowering
the temperature, while the value of Uxz determines the
difference between Ax and Ay . Since monoclinic distortion
is small this difference is also small, which supports the choice
of the temperature axis in figure 2.

Application of an external magnetic field results in
renormalization of the phenomenological coefficients and,
which is more important, in the appearance of new invariants:

Hx Hz(η
2
x + ξ 2

x − η2
y − ξ 2

y ), (6a)

Hy Hz(ηxξy − ξxηy). (6b)

The invariant (6a) is responsible for the phase transition
behavior in magnetic fields parallel to the easy axis (Hx Hz �=
0). When the applied magnetic field decreases, in absolute
values, the term proportional to (η2

x + ξ 2
x − η2

y − ξ 2
y ) in the

thermodynamic potential the splitting between the two order
parameters (ηx , ξx ) and (ηy, ξy) is reduced. It results in a
decrease of the stability region of the AF3 phase due to a
decrease, which is proportional to Hx Hz, of TN . Furthermore,
it can be shown that reduction of the splitting also lowers
in temperature the region of the AF1 phase stability and
stabilizes the AF2 phase. These effects are also proportional
to Hx Hz, i.e. quadratic in magnetic field. In accordance with
the experiments this is the case of the magnetic field applied
parallel to the easy axis [15, 16].

Further increase of the field strength results in growth
of the term proportional to (η2

x + ξ 2
x − η2

y − ξ 2
y ) in absolute

values but with an opposite sign. This results in reduction
of the stability region of the AF2 phase and appearance of
the high field HF phase, which is characterized by the order
parameter (0, 0, 0, ξ) in contrast to the phase AF1 for which
it has the form (0, ξ, 0, 0). Magnetic representation analysis
shows that the (0, 0, 0, ξ) state is characterized by the same
relative spin arrangement as in AF1 but the magnetic moments
are switched perpendicular to their direction in AF1 within
the ac plane, which is supported by the neutron diffraction
experiments [17]. Moreover, the AF3′ phase (see below)
should appear in the phase diagram with further increase of the
field strength, which is not observed experimentally. Different
behavior should be observed when the magnetic field is applied
perpendicular to the easy axis within the ac plane (i.e. Hx Hz

has opposite sign) [16]. As follows from (6b) and the invariant
(ηxηy + ξxξy)Py the magnetic field applied in such a way that
Hy Hz �= 0 should decrease Py (i.e. the stability region of AF2
shrinks).

Considering the phase transitions starting from the
orthorhombic praphase the invariant (ηxηy +ξxξy)Py naturally
involves only one magnetic order parameter. Therefore, it

Figure 3. H–A phase diagram with the magnetic field applied along
the easy axis. The order parameters in the phases are
AF1—(0, ξx , 0, 0), AF2—(ηx(x), ξx (x), ηy(x), ξy(x)),
AF3—(ηx(x), ξx (x), 0, 0), AF3′—(0, 0, ηy(x), ξy(x)) and
HF—(0, 0, 0, ξy).

can be stated that the magnetic phase transitions observed in
MnWO4 are due to a single instability with respect to the
irreducible representation P1 of the orthorhombic space group
Pmcm ((1/4; 1/2; 1/2) point of the Brillouin zone).

In order to compare the obtained results we have
numerically minimized the thermodynamic potential, which
can be written as follows (assuming that (ηx , ξx , ηy, ξy)

depend on x):

	 =
∫ [

A

2
I1 + B1

4
I2 + B2

4
I 2
1 + B3 I3 + B4

2
I4 + B5

2
I5

+ B6

6
I 3
1 + f1 Iu + f2 IH + σ IL + δ

2
Iδ

]
dx, (7)

where the invariants are I1 = c2
1 + c2

2 + c2
3 + c2

4, I2 =
c4

1 + c4
2 + c4

3 + c4
4, I3 = c1c2c3c4, I4 = c2

1c2
2 + c2

3c2
4, I5 =

c2
1c2

3 + c2
2c2

4, Iu = Uxz(c1c3 + c2c4), IH = Hx Hz(c1c3 + c2c4),
IL = c1∂c4/∂x − c4∂c1/∂x + c3∂c2/∂x − c2∂c3/∂x and Iδ =
(∂c1/∂x)2 + (∂c2/∂x)2 + (∂c3/∂x)2 + (∂c4/∂x)2 and where
we used the linear transformation c1 = −ηx + ξx + ηy + ξy ,
c2 = ηx + ξx − ηy + ξy , c3 = −ηx + ξx − ηy − ξy ,
c4 = ηx + ξx + ηy − ξy .

Figure 3 shows the H –A phase diagram, where the
magnetic field H is applied along the easy axis. The
phenomenological coefficients take the values B1 = 7, B2 = 1,
B3 = −1, B4 = −6, B5 = 1, B6 = 1, σ = 1, δ = 1,
f1 = 1, f2 = 2.128 and Uxz = −1. The H –A phase
diagram is topologically equivalent to the H –T one since A ∼
(T − TN ). The phase diagram is in good correspondence with
the experimental one [15, 16], but shows additional features.
The numerical solution reveals the existence of the AF3′ phase,
which is characterized by the long-wavelength modulation of
the magnetic moment component along the b axis, whereas
in the AF3 phase the magnetic moments are confined to the
ac plane. Heretofore the AF3′ phase was not experimentally
observed.
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It has been reported [11] that a strong magnetic field along
the b axis induces the X phase with polarization P ‖ a. It can
be accounted for by carrying out the expansion (7) to higher
order and taking into consideration the invariants

(ηxξx(η
2
x − ξ 2

x − 3η2
y + 3ξ 2

y ) + ηyξy(η
2
y − ξ 2

y − 3η2
x + 3ξ 2

x ))Px ,

(ηxξx(η
2
x − ξ 2

x + 3η2
y − 3ξ 2

y ) − ηyξy(η
2
y − ξ 2

y + 3η2
x − 3ξ 2

x ))Pz .

These invariants imply that some of the magnetically ordered
phases induced by the order parameter (ηx , ξx , ηy, ξy) have
nonzero Pa and Pc.

5. Conclusions

In summary, we have built a phenomenological theory of phase
transitions in MnWO4. The magnetic structure is described by
the order parameters (ηα, ξα) (α = x, y, z) belonging to the
(1/4; 1/2; 1/2) point of the Brillouin zone. It is shown that
Lifshitz invariants allowed by the symmetry are responsible
for the appearance of magnetically ordered phases AF3 and
AF2 incommensurately modulated along the x and z directions
as observed in experiments. Invariants responsible for the
magnetoelectric interaction are established. It is found that
incommensurability of the magnetic ordering is not essential
for polarization induction. The ferroelectric polarization along
the y axis appears in an improper way provided that the y
component of magnetic order is nonzero together with either
the x or z component, which corresponds to the AF2 phase
of MnWO4 according to neutron diffraction experiments [10].
The induced polarization Py consists of homogeneous as well
as modulated parts which appear at the same phase transition.
Ferroelectric order along the a and c axes can also be induced
by the magnetic order, although it should be smaller than along
the b axis due to the higher order of the respective invariants
with respect to the magnetic order parameters. Introduction
of the orthorhombic praphase allows us to describe the phase
transitions in MnWO4 using a single four-dimensional order
parameter, which significantly simplifies the thermodynamic
potential and results in the appearance of new important
invariants. The approach used is a general one and was recently

applied [23] to orthorhombic magnetoelectrics including the
rare-earth manganites RMn2O5.
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